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1 Introduction 



Canonical quantization of classical observables and states defines a map of real functions 
into self-adjoint operators DTj. A classical observable is described by some real function 
A{q,p) from a functional space Ai. Quantization of this function leads to self-adjoint 
operator A{q,p) from some operator space A4. It is known that states can be considered 
as a special observable. Classical state can be described by non-negative-normed real 
function p{q,p) called density distribution function. Quantization of a function p{q,p) 
leads to non-negative self-adjoint operator p{q,p) of trace class called matrix density 
operator. 

Time evolution of an observable At{q,p) and a state Pt{q,p) in classical mechanics are 
described by differential equations on a function space A^: 

^At{q,p) = CtAt{q,p) , ^pt{q,p) = ^tpt{q,p) ■ 

The operators Ct and At act on the elements of function space A4. These operators are 
infinitesimal generators of dynamical semigroups and are called dynamical operators. The 
first equation describes evolution of an observable in the Hamilton picture, and the second 
equation describes evolution of a state in the Liouville picture. 

Dynamics of an observable and state in quantum mechanics are described by differen- 
tial equations on an operator space Ai: 

^At{q,p) = ttAt{q,p) , j^pt = AtPt ■ 

Here Ct and At are superoperators (operators act on operators). These superoperators 
are infinitesimal generators of quantum dynamical semigroups p, The first equation 
describes dynamics in Heisenberg picture, and the second - in Schroedinger picture. 

It is easy to see that quantization of the dynamical operators Ct and Aj must lead to 
dynamical superoperators Ct and At. Therefore, generalization of canonical quantization 
for general classical non-Hamiltonian systems must map operators into superoperators. 

Usually the quantization is applied to classical systems with the dynamical operator 
CA{q,p) = {A{q,p), H{q,p)}. Here the function H{q,p) is an observable which character- 
izes dynamics and the function H{q,p) is called the Hamilton function. Quantization of a 
dynamical operator which can be represented as Poisson bracket with the Hamilton func- 
tion is defined by usual canonical quantization. Canonical quantization of real functions 
A{q,p) and H{q,p) leads to self-adjoint operators A{q,p) and H{q,p). Quantization of the 
Poisson bracket {A{q,p), H{q,p)} usually defines as commutator {i/h)[H{q,p), A{q,p)]. 
Therefore quantization of these dynamical operators can be uniquely defined by usual 
canonical quantization. 
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Quantization of classical non-Hamiltonian systems is not defined by usual canonical 
quantization. It is necessary to consider some generalization of canonical quantization. 
These generalized procedure must define a map of operator into superoperator. 

In this paper a Weyl quantization of classical non-Hamiltonian systems is considered. 
The generalized Weyl quantization, which maps a (linear differential, pseudodifferential) 
operator on a function space into a superoperator on an operator space, is suggested. An 
analysis of generalized quantization is performed for operator which cannot be represented 
as the Poisson bracket with some function. 



2 Weyl Quantization 

In this section the usual method of quantization is considered [Q, |§, To simplify 
formulas let x'^, where k = 1, ...,2n, denote usual coordinates and momentums p' by 
a;^-'"^ = and x'^^ = p' , where j = 1, n. The basis of the space Ad of square-integrable 
functions A{x) is defined by functions 

2n 

W{a, x) = exp iax , ax = ^ a^x^ . (1) 

k=l 

Quantization transforms x'' to operators x''. Weyl quantization of the basis functions (|l|) 
leads to the Weyl operators 

2n 

W{a, x) = exp iax , ax = ^ afcx'^ . (2) 

k=l 

The Weyl operators form a basis |P, of the operator space Xi. Classical observable, 
characterized by the function A{x), can be represented in the form 

^(^) ~ / A{a)W{a,x)da , da = dai...da2n , (3) 

(ztt)" J 

where A{a) is the Fourier image of the function A{x). Quantum observable A{x) which 
corresponds to A{x) can be defined by formula 

A{x) = J A{a)W{a,x)da , da = dai...da2n ■ (4) 

This formula can be considered as an operator expansion for A{x) in the operator basis 
(^. The direct and inverse Fourier transformations allow to write the formula for the 
operator A(x) as 

A{x) = J A{x)W{a,x - xi)dadx . (5) 
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The function A{x) is called the Weyl symbol of the operator A{x). Quantization defined by 
is called the Weyl quantization. Another basis operator leads to different quantization 
scheme 0, |§, §] • 

Lie algebra, Jordan algebra and C*-algebra are usually considered on the spaces M. 
and M. 

Lie algebra L{Ai) on the set is defined by Poisson brackets 

guM, B) ^ {A{xl = ^^-^^ , (6) 

where '^^'^ is a matrix which is inverse of matrix LOkm, that is ujkm^^'^' = 5^'- All elements 
of the matrix ojkm are equal to zero, besides elements uj2j-i 2j = 1 and u!2j 2j-i = — 1, 
where j = 1, ...,n. Quantization of the Poisson bracket @ usually defines as commutator 

gL^e{A,B) = = ^{A{x)B{x)-B{x)A{x)) , (7) 

The commutator defines Lie algebra L{Xi) on the set Xi. Leibnitz rule is satisfied for the 
Poisson brackets. As a result, the Poisson brackets are defined by basis Poisson brackets 
for x'^: 

{x^x""} = ^^"^ . 

Quantization of these relations leads to the canonical commutation relations 

= i/i^'^™/ . (8) 

These relations can be written for operators x'^^'^ = and x^-' = , in the form 

[q\ q^'] = , [fP,fP'] = , [q\fP'] = iTid,,,! . (9) 

These relations define (2n + l)-parametric Lie algebra called Heisenberg algebra. 

Jordan algebra J{M.) for the set M. is defined by the following multiplication 

gjord{A, B) = A{x) o B{x) = A{x)B{x) . 

This multiplication coincides with the usual associative multiplication of functions. Weyl 
quantization of the Jordan algebra J{M.) leads to the special operator Jordan algebra 
J{M.) with multiplication 

gjord{A B) = [A,B]+ = AoB = ^[(i + Bf -{A- Bf] . 

Jordan algebra for classical observables is associative algebra, that is all associators are 
equal to zero 

{AoB)oC - Ao{BoC) = . 
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In general case Jordan algebra associator for quantum observables is not equal to zero 

{AoB)oC-Ao{BoC) = ^gue{B, gL^e{A, C)) . 

The commutation relation (^) for the operators x'^ leads to the 2n-parametric Weyl 
algebra of the operators W{a,x): 

W{a, x)W{b, x) = W{a + b, x)exp{-y afc^^"'6„} , (10) 

W*{a, x) = W{-a, x) , W*{a, x)W{a, x) = I . (11) 

The Weyl algebra is involute normed algebra. The involution corresponds to conjugation 
(|TT|). The operator norm defines the norm of Weyl algebra. 

3 Quantization of Hamiltonian Dynamical Operator 

Let us consider quantization of a classical dynamical operator defined by Hamilton func- 
tion. Usually the quantization procedure is applied to classical systems with dynamical 
operator 

C = -{H{x), . } = -<^'''^duH{x)d^ , (12) 

where dk = d/dx^. Here H{x) is an observable which defines dynamics of a classical 
system. The observable H{x) is called the Hamilton function. Then 

CA{x) = {A{x),H{x)} . 

If the dynamical operator has this form, then classical system is called Hamiltonian sys- 
tem. 

Weyl quantization (^ of the functions A{x) and H{x) lead to operators A{x) and 
H{x). Quantization of Poisson bracket {A{x),H{x)} usually defines as the commutator 
{i/h)[H{x), A{x)]. Therefore quantization of dynamical operator (|T2|) leads to superoper- 
ator 

C = ^[Hix), .]='-{H\x)-H^{x)) (13) 

Here H\x) and H'^{x) are left and right superoperators which correspond to Hamilton 
operator H{x). These superoperators are defined by formulas P]: 

H^A = HA , H'A = AH . 

Then 

CA{x) = Uh{x), A{x)] = Uh{x)A{x) - A{x)H{x)) . (14) 

ft it 
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Quantization of dynamical operator, which can be represented as Poisson bracket with 
a function, can be defined by usual quantization. Therefore quantization of Hamiltonian 
systems is completely defined by the usual method of quantization. 

4 General Dynamical Operator 

Let us consider the time evolution of classical observable At{x), described by the general 
differential equation 

— = C{x,d^)At{x) . 

Here C{x,dx) is an operator on the function space A4, and is a partial derivative 
with respect to x. Let us consider operator which cannot be expressed in the form 
C{x, dx:)A{x) = {A{x), H{x)} with a function H{x). We would like to generalize the quan- 
tization procedure from the dynamical operators (|12|) to general operators £ = C{x, dx). 

Let us define the basis operators which generate the dynamical operator C{x, dx)- For 
simplicity, we assume that operator £ is a bounded operator. Operator is an operator 
of multiplication on x^ and operator P'^ is self-adjoint differential operator with respect 
to x'^, that is —id/dx^. These basis operators obey the conditions: 
1. QH =x^] PH = 0. 

3. Q^A{x) = Q''A{x); P^A{x) = -P''A{x). 

4. [g^ P™] = i6km; [Q", Q"'] = 0; [P^ P^^] = O; [1, Q™] = 0; [1, P-] = 0. 
Conjugation operation * is defined with respect to scalar product 

< A{x)\B{x) >= J A{x)B{x)dx . 

Commutation relations for the operators P'^ and define (4n+l)-parametric Lie algebra. 
These relations are analogous to canonical commutation relations (|^) for and p' with 
double numbers of degrees of freedom. 

Operators Q'' and P^ allow to introduce operator basis 

V{a,b,Q,P) =exp{i{aQ + bP)} , (15) 

for the linear space A{J^) of dynamical operators. The basis operators V{a,b,Q, P) are 
analogous to the Weyl operators basis (|^). Note that basis functions (|I|) can be derived 
from the operators ([T5|) by the formula W{a, x) = V{a, 0, Q,P)1. 

The commutation relation for the operators and P^ leads to the analog of the Weyl 
algebra: 

V{ai, 6i, Q, P)V{a2, Q, P) = V{a^ + a^, h + &2, Q, P)exp{~'-[aih2 - 0261]} , (16) 
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V*{a,b,Q,P) = V{-a,-b,Q,P) , V*{a,b,Q, P)V{a,b,Q, P) = 1 . (17) 

This Weyl algebra is involute normed algebra. The involution corresponds to conjugation 
(|T^). An operator norm defines the norm of Weyl algebra. 

The algebra A{/iA) of bounded dynamical operators can be defined as C*-algebra. It 
contains all operators V{a, b, Q, P) and is closed for linear combinations of V{a, b, Q, P) 
in operator norm topology. A dynamical operator can be written as an operator function 
in the symmetric form 

C{Q, P) = J L{a, b)e^^'^^^'''^dadb . (18) 

The function L(a, b) is square-integrable function of real variables a and b. The function 
L(a, b) is Fourier image of the operator symbol for C = C{x, dx). The set of bounded oper- 
ators C{Q,P) and their uniformly limits form the algebra A{Ai) of dynamical operators. 
We can use the basis operators 

VQp{a, 6, Q, P) = V{a, 0, Q, P)V{0, 6, Q, P) = e^'^'^e'''' . 

which are analogous to Kirkwood basis 0. This operator basis associate with the standard 
ordering of operators Q and P. The operators Vqp allow to write a dynamical operator 
in the QP-iorm 

CiQ, P) = I Ha, b)e'^^e''''dadb . (19) 

This form is suitable for the classical systems. 



5 Quantization of Basis Operators 

To define the superoperator C which corresponds to operator C we need to describe Weyl 
quantization of the basis operators and P^ . Let us require that the superoperators 
and P^ satisfy the relations which are the quantum analogs to the relations for the 
operators and P^: 

1. Q^i = x^;P^i = 6. 

2. Qk = Qk. pk = pk 

3. {Q^Ay = Q'^A*; {P'^Ay = -P^A*. 

4. [Q^P™] = i5uJ, = 0; [P^P-] = 0;J/,Q^] = 0; [/,P^] = 0. 

Superoperator C is called formally self-adjoint £ = £, if the relation < CA\B >=< 
A\CB > is satisfied. Here the scalar product < A\B > on the operator space Ai is 
defined by 

< A\B >= Sp[A*B] . 
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An operator space with this scalar product is called Liouville space ^. 

The Weyl quantization of operators and is defined by Weyl quantization of 
functions Q'^Aiyx) and P^A{x) for all A{x). 

To quantize the operator we use the relation 

where dkx"^ = and uokrn'^'^^' = 6^' . Then 

dkA{x) = uJkm{x"',A{x)} . 

Quantization of the right-hand side of this formula leads to the expression 

1 

UJkm-^[x"',A{x)] . 

The operator P^A is written in the form 

P'A{x) = -LUkml[x"',A{x)] . 

As a result, we obtain 

P" = -COkm^ix"', . ] = -UJkmliixn' - (x"')! • (20) 

In the usual notations x'^^~^ = and x^-' = p' this formula can be rewritten 

where the left and right superoperators are defined by 

{q^yA = q^A , {p>yA = p>A , {q^yA = Aq^ , {p>YA = Ap^ . 
for all Ae M. 

Let us quantize the operator Q''. It is known [jl| that the Weyl quantization of the 
expression x^ o A{x) leads to x'' o A{x). Therefore superoperator Q'^ has the form 

Q' = [x\ .U = l{{£'y + , (21) 

i.e. Q''A = x'' o A. 
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It can be verified that for tlie superoperators and defined by (|20| ) and (|2T| ) the 
commutation relations 



[g^ p^] = iSkj , [Q^ q"'] = o, [P\ = o , (22) 

are satisfied. To check these relations, we must express the superoperators and P^ via 
superoperators (x^)' and {x^Y and use the commutation relations 

[{x^y, (x™)'] = th^''"'! , [{x'^Y, [cf^Y] = -ih^^^^i , [{x'^y, ix"^Y] = , (23) 

which follow from canonical commutation relations @. Using relations (|20|) and (0), the 
other relations for the superoperators and Q'^ can be easy to verified. 
Weyl quantization of the operators ( |T5|) leads to the superoperators 



V{a, b, Q, P) = exp{i{aQ + bP)} . (24) 
The relations (p^) for Q'^ and leads to the relations: 

V{ai, bi, Q, P)V{a2, &2, Q, P) = V{ai + as, 61 + 62, <0, P)exp{-^[ai62 - as&i]} , (25) 

yt(a,6,Q,P) = t>(-a,-6,Q,P) , V^ia,b,Q,P)Via,b,Q,P) = I . (26) 

It allows to define superoperator Weyl algebra which is involute normed algebra. The 
involution corresponds to conjugation (^). A superoperator norm |]^, Q defines the norm 
of the algebra. The algebra A{J^) of bounded dynamical superoperators can be defined 
as C*-algebra. It contains all superoperators V{a, b, Q, P) and it is closed for linear 
combinations of V{a, b,Q,P) in superoperator norm topology. 

The operator realizes multiplication by in the Jordan algebra J{A4). Therefore 
the superoperator Q'' realizes multiplication by the operator x^ on the Jordan algebra 
J{Ai). The operator P'^ represents multiplication by x'' on the Lie algebra L{Ai) and 
superoperator P^ is multiplication by x*^ on the Lie algebra L{A4). Therefore the Weyl 
quantization of operators Q'' and P'^: is realized as a map of algebras of multiplication 
operators which act on the Jordan and Lie algebras. Note that operators Q^, and 
superoperators Q'', P^ can be defined by 

Q^A{x) = g.jord{x\ A{xY , P^A = gLie{x\ A(x)) , 

Q'^A = gjord{x\ A) , P'^A = hidx'', A) . 
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6 Quantization of Operator Function 



Let us consider the dynamical operator C = C{Q, P) as a function of the basis operators 
and P^. Generahzed quantization can defined as a map from dynamical operator space 
A{Ai) to dynamical superoperator space A{A4). The Weyl quantization of the symmetric 
form of operator 

CiQ, P) = I L{a, h)e'^''^+^''^dadh , = x\ P^ = -td^ , 

leads to the corresponding superoperator 

C{Q, P) = J L{a, b)e''^''^+'^Uadb , (27) 

If the function L{a, h) is connected with Fourier image A{a) of the function A{x) by 
the relation 

L(a,6) = {2TiY5{h)A{a) , 

then the formula (|27D defines the canonical quantization of the function A{x) = C{Q, P)l 
by the relation A{x) = C{Q,P)I. Here we use Q^I = and exp{iaQ}I = exp{iax}. 
Therefore canonical quantization is a specific case of suggested quantization procedure. If 
we use QP-form of the dynamical operator C = C{Q,P), then the Weyl quantization of 



{2n 

leads to the superoperator 

C{Q, P) = J L{a, h)e'^'^e''^dadh , (28) 

Superoperators and P^ can be represented by [x^Y and [x^Y . Therefore the formula 
(p7|) can be written in the form 

t{x\ F) = — ^ / L(a', h')W\a', x)W'{h\ x)da'db' . (29) 
(27r)^" J 

Here W\a,x) and W''{a,x) are left and right superoperators corresponding to the Weyl 
operator (H). These superoperators can be defined by 

W^{a, x) = W{a, x') , #"(a, x) = W{a, F) . 
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If the function L(a', b') of the superoperator (^) has the form 

L{a',b') = UH{a')6{b') - H{b')6{a')) , 
a 

then quantum system is Hamiltonian system and Heisenberg equation has the usual form: 

Here H{x) is Hamilton operator defined by 

Hix) = j^jH{a')W{a',x)da'. 

7 Explicit Formulas of Quantization 

Let us derive a relation which represents the superoperator jC{Q, P) by operator C{Q, P). 
We would like to find the analog of the relation (P) between an operator A{x) and a 
function A{x). In order to find the relation, it will be convenient to represent the Fourier 
image of a function Z/(a, b) by the operator P). 

Let us find the symbol of a dynamical operator P) by this operator. To simplify 
formulas, we introduce new notations. Let X^, where s = 1, ...,4n, denote the operators 

and P^, where A; = 1, 2n, that is = and P'' = X''^^", or 

(jqj (jp3 

where j = l,...,n. Let us denote the parameters a'^ and b^, where k = l,...,2n, by z^, 
where s = 1, ...,4n. Then the formula ( |l8l) can be rewritten by 



The formula (^) for the superoperator C is written in the form 

Let us consider the inverse Fourier transformation for the function L{z): 
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Here L{z) is the Fourier image of the function C{a). Then operator C{X) can be written 
by the Weyl symbol C{a) in the form 

^X) = J C{a)e"^''--'>dzda . (30) 

This formula is an analog of the formula (^. The generalized quantization of operators 
X* leads to the superoperators X^. Therefore Weyl quantization of the operator (|30| ) 
leads to the superoperator C{X) which can be written 

^(X) = J C{a)e-^^--^dzda . (31) 

Let Cm{ci), where m = 1 or 2, are the Weyl symbols of the operator Crn{X). Then 

£„(X) = I C^{a)e'<''-'^^dzda . (32) 

Let us consider the trace Sp[Ci{X ) C2{X )] of the product of the operators Cm{X) and 
find the Weyl symbol £2(0) of the operator C2{X). As follows from (0), we have 

5p[£2(^)A(X)] = J £i(a)5p[/:2(X)e-(^-")]rf;.rfa . 

This relation can be compared with the well known formula for the trace of operator 
product 

Sp[C2iX)C,iX)] = I C,{a)C-2{a)da . 

We obtain the relation for the symbol C2{(y) of the operator C2{X) 

C2{a) = J 5j9[/:2(X)e^^(^-")]rf^ . 
The formula for the Weyl symbol C{a) of the operator C{X) has the form 

C{a) = J e-'''''Sp[C{X)e'''^]dz' . 
Next we substitute this symbol into the relation (|3TD. As the result we obtain 

£(X) = J e~'''^'+'">e"^Sp[C{X)e'''^]dzdadz' . (33) 

In the new notations, the operators V{a, b, Q, P) are written as V{z^ X) = exp{izX}. 



If we use the superoperator V{z, X) = exp{izX}, then the formula (|33D can be rewritten 
in the form 

C{X) = —1— / e-'"^'+''^V{z,X)Sp\C{X)V{z',X)]dzdadz' . 
(27r)*"' J 
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8 Harmonic oscillator with friction 

Let us consider n-dimensional linear oscillator with friction Fj^^^^ — —{j/mjp'. The 
evolution equation for this oscillator has the form 

at m at m 
The dynamical equation for the classical observable At{q,p) is written 

^A{q,p) = ^q,P,dq,dp)At{q,p) . 

Differentiation of the function At{q,p)) gives 

dAt{q,p) ^ dAt{q,p) dq^ _^ dAt{q,p) df ^ 
dt dq^ dt dp^ dt 

^dAt{q,p) 2,-, 1 ^.dAt{q,p) 

= —F — TT- {rruv q^ + —p>) — — — ■ 

m oq^ m op> 

The dynamical operator C{q,p, dq, dp) is 

C{q,p, dg, dp) = —p'tt- - {muj'^q^ + —p')^ ■ 
m oq^ m op' 



This operator is written in the QP-form 



jr(Q, P) = -g2ip2.-i _ Umw-^Q-^j-i + TQ^i)p'^i . 
m m 

Weyl quantization of the operator C — C{Q, P) leads to superoperator 



This superoperator can be written as 



C^Q^P) = -g2ip2,--l _ ,(^^2g2,-l ^ ±Q2j-^p2j 

m m 



As the result we have generalized Heisenberg equation 



where 
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9 Fokker- Planck- Type System 



Let us consider Liouville operator A, which acts on the normed distribution density func- 
tion p{q,p,t) and has the form of second order differential operator 



Q2 Q2 Q2 Q Q Q Q 

Liouville equation 



-^^ = Apiq,p,t) 

with operator (^) is Fokker-Planck-type equation. Weyl quantization of the Liouville 
operator (|36D leads to completely dissipative superoperator A considered in 0, ^ ^. As 
the result we have the quantum Markovian master equation for a matrix density operator 
Pt- If /i = —2{cpp + Cqq), then this equation has the form 

- [<l,Pt]] - ^[P, [p,Pt]] + ^[P, [q,Pt]] . (37) 

Here H is Hamilton operator which has the form 

1 ^9 ^^^^ ^9 / N 

where 

■/TT. , UJ CqpCpq , A T^i^pp ~^ '-'<?<?) ' A'' T^i^P'P ^go) ' 

Cpq A A 

Here dpp^ dqq^ dpq are quantum diffusion coefficients and A is a friction constant. 



10 Conclusions 

In this paper we suggest a generalization of Weyl quantization called dynamical quanti- 
zation. It allows to derive dynamical superoperator from dynamical operator. The basis 
formulas which define the suggested quantization are (^7|) and (|33D . Quantization of a 
general dynamical operator for non-Hamiltonian system is described by suggested dy- 
namical quantization. The suggested Weyl quantization scheme allows to derive quantum 
analogs for the classical non-Hamiltonian and dissipative systems. 
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The dynamical quantization ( pT] ) and (pSD map the operator C{q,p,dq,dp) which acts 
by the functions A{q,p) to the superoperator £, which acts on the elements of operator 
space. If the operator £ is an operator C{q,p) of multiplication on the function A{q,p) = 
C{q,p)l, then formula (|33| ) defines the usual Weyl quantization of the function A{q,p) by 
the relation A = CI. Therefore the usual Weyl quantization procedure is a specific case 
of suggested Weyl dynamical quantization. 

This work was partially supported by the RFBR grant No. 00-02-17679. 
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